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SEIFERT MANIFOLDS WITH FIBER
SPHERICAL SPACE FORMS

JONG BUM LEE, KYUNG BAI LEE, AND FRANK RAYMOND

ABSTRACT. We study the Seifert fiber spaces modeled on the product space
53 x R2. Such spaces are “fiber bundles” with singularities. The regular fibers
are spherical space-forms of S2, while singular fibers are finite quotients of
regular fibers. For each of possible space-form groups A of S3, we obtain
a criterion for a group extension IT of A to act on S3 x R? as weakly S5-
equivariant maps, which gives rise to a Seifert fiber space modeled on S3 x R?
with weakly S3-equivariant maps TOPgs (S x R?) as the universal group. In
the course of proving our main results, we also obtain an explicit formula for
H?(Q;Z) for a cocompact crystallographic or Fuchsian group Q. Most of our
methods for S3 apply to compact Lie groups with discrete center, and we state
some of our results in this general context.

1. INTRODUCTION

There have been many successful investigations of fiberings with singularities.
We have been concerned with fiberings where the typical fiber is the quotient IT'\G of
a Lie group G by a cocompact lattice I' C G. The singular fibers are then quotients
of T\G by finite groups of affine diffeomorphisms. A viable theory with G connected
abelian was developed by Conner and Raymond in several works [2], [3], [4]. This
was carried further in a series of papers by the current authors and expanded to
include nilpotent and certain solvable G. The fiber structure is useful and often
crucial for applications such as determining what groups can act effectively on flat
or almost flat manifolds. See [4], [9] and [8] for a careful exposition and many other
geometric applications.

In a short paper [10], we introduced the notion of Seifert fiberings modeled on
principal G-bundles. Here G was an arbitrary Lie group and the theory was set up
so that it included all the previous work. However, nothing really explicit involving
concrete calculations for groups other than solvable groups are in the literature,
except possibly [17].

In this paper, we shall examine Seifert fiberings modeled on product G-bundles,
G x W, where G is the simple group S2. Here the typical fibers are 3-dimensional
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spherical space-forms. Even more concretely, when we require W to be homeomor-
phic to R?, the Seifert fiberings become explicitly determined closed 5-dimensional
manifolds over 2-dimensional orbifolds.

From our point of view, the classical 3-dimensional Seifert manifold M consists
of a “model space” P and a “universal group” Isom(P). For example, we may

choose P = PSL(2,R), the universal covering of PSL(2,R) and, Isom(P) = (R xz

PSL(2,R)) x Zy. Note, in general, P is a principal G-fibering with fiber either
G = R or S', and Isom(P) is weakly G-equivariant. A Seifert manifold is then
M = II\P, with II discrete in Isom(P) and acting properly (automatically) and
freely on P. The manifold M inherits the geometry from P when II acts freely. If
IT does not act freely, we obtain a Seifert orbifold. (Observe that classical Seifert
3-manifolds over bad 2-dimensional orbifolds can be regarded as Seifert orbifolds
coming from (53, Isom(S?)).)

In general, the model space P will be a principal G-bundle over a space W with
a general Lie group G. For the universal group, we use TOPg(P), the group of
weakly G-equivariant homeomorphisms of P. Sometimes we use smaller subgroups,
like Isomg (P) = Isom(P)NTOPq(P), to get stronger geometries as in the classical
case mentioned above. A discrete group II C TOPg(P) acting on P properly,
yields a Seifert fiber space M = IT\P. Although it is not necessary, we shall
require that I' = IT N ¢(G) be a cocompact lattice of G, where ¢(G) is the principal
left G-action. The space M inherits a “fiber structure” coming from the principal
fibering G — P — W. If II acts freely, then P — M is an unbranched covering.
Otherwise, it will be branched. Since the group II normalizes the left G-action on
P, we obtain the group G-II acting on P with the fibering [I\P = M — B =
(G-I\P = (II/II N G)\(G\P) = Q\W, where Q = II/(II N G). That is, we have
the following diagram of maps coming from the proper actions of G-II on P:

@mp) £ (@Qw)

| a
mp=M L B=Qw

The bottom map is the singular fibering. Now each “fiber” f~!(b) can be described
by examining the action of G-II on (G-IT)(u), where u is on the G-II orbit of
b € B. In this context, f~1(b) is I'\G with I' = G N II, or a finite quotient of this
homogeneous space where the finite group is isomorphic to the stabilizer @, of the
Q orbit G\(G-II)(u) = w € W. Furthermore, this group @., acts, in a controlled
way, as diffeomorphisms on I'\G induced from G x Aut(G).

An explicit description is as follows: Let I' C £(G) be a lattice, and p : Q —
TOP(W) be a properly discontinuous action. Consider an extension of T by @,

1-T—-1I-—-Q—1.

Thus TOP¢g(P), the topological group of homeomorphisms which normalize the left
G-action on P, is our universal group and P is our model space. We want in this
paper to characterize those II which act on the product P = G x W as weakly G-
equivariant homeomorphisms. The group IT must map into TOPg(P), and [ING =
T. This is the same as studying representations 6 of I into TOPg(G x W) which
extend I' C (@) and inducing p : Q@ — TOP(W). The action of IT on G x W will
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be properly discontinuous, and it will yield a Seifert fiber space
NG — II\(Gx W) - Q\W

with typical fiber I'\G and base orbifold @Q\W. Each such homomorphism 6 : IT —
TOPg(P) is called a Seifert Construction.

Reducing the universal group TOP (G x W) to a subgroup that still contains all
the left translations has the effect of imposing additional structure on the Seifert
fiberings IT\(G x W). For example, if G has a left-invariant metric and W is a
Riemannian manifold, we may impose the product metric on G x W and require
that I — TOPg(G x W) N Isom(G x W). Then, if IT acts freely on G x W,
M = II\(G x W) would inherit a product geometry from G x W, and the fibers
would be Riemannian submanifolds of M.

When G = R”, simply connected nilpotent or solvable of type (R) (i.e., all
eigenvalues of ad(g) are real for every g € G), every extension gives rise to a
Seifert construction. Furthermore, after fixing ¢ x p : Q@ — Out(G) x TOP(W),
each embedding is unique up to conjugation by elements of the universal group
TOPg(P). This is due largely to two facts about these groups G:

1. Lattices I in G have the unique automorphism extension property.
2. The cohomology groups H*(Q) with certain coefficients vanish for i = 1, 2.

This state of affairs does not hold for general G nor for our special case of G =
S3. Extensions may not embed and, if they do, they are not necessarily unique.
The group G = S is a good choice to begin to understand the complexities and
complications of the general case, because S? is a compact, simply connected, simple
non-trivial Lie group of least dimension. Moreover, it is especially relevant since it
ties in very nicely with 3-dimensional geometry and topology.

In the second section, we define precisely and characterize the universal group for
a product G-bundle P = G x W. For our exploration, we additionally require that
Aut(G) splits as Inn(G) x Out(G), which is automatically true for G = S3. The
Main Lemma 2.2 then determines what we must do to solve the embedding problem
of our extension into TOP¢(G x W) (i.e., finding a Seifert construction). Theorem
3.6 then tells us what the criteria are to embed IT when G = S? for general (Q, W)
and A, a 3-dimensional spherical space-form group lying in G x G which replaces
the less general lattice I' C G. Section 4 then carries out the program for (Q, W),
where @ is a cocompact group of orientation-preserving proper homeomorphisms of
R2. This is equivalent to assuming that @ is a crystallographic or Fuchsian group
acting topologically on the euclidean or hyperbolic plane. Under these conditions we
obtain, in Theorem 4.7, a remarkably clear answer to the embedding problem. We
can easily discern those that possess 5-dimensional geometries which are the product
of spherical 3-dimensional geometry and hyperbolic or euclidean plane geometry.
In the course of establishing 4.7, in Theorem 4.5 (and the Remark following it) we
obtain an explicit formula for H*(Q;Z), and an integer invariant for each mod n
reduction class of elements of H?(Q;Z). In Theorem 5.4, we obtain a complete
solution for deformation of Seifert fiber structures in terms of group cohomology.
An example is worked out in 4.8 and 5.5.

2. STRUCTURE OF THE UNIVERSAL GROUP

Let G be a Lie group and W be a locally compact Hausdorff space which ad-
mits covering space theory. We view the product G x W as a principal G-bundle.
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We denote by M(W,G) the group of all continuous maps from W into G with
multiplication

M v)(w) = Mw) - v(w).

TOP(W) denotes the topological group of all homeomorphisms of W, and Aut(G
denotes the Lie group of all continuous automorphisms of G. Then Aut(G) x
TOP(W) acts on M(W, G) via

(@wh\=aoXoh™?

for (a,h) € Aut(G) x TOP(W) and A € M(W,G). The group TOPg(G x W)
of weakly G-equivariant self-homeomorphisms of G x W is defined as follows: A
homeomorphism f of G x W onto itself belongs to TOPg(G x W) if and only if
there exists a continuous automorphism ay of G so that

fla-z,w) = af(a)f(z,w)

for all a € G and (z,w) € G x W.
It is known [9] that

TOPg(G x W) = M(W,G) x (Aut(G) x TOP(W)).
The group law is
(A1, 01, 1) - (A2, a2, h2) = (A1 - a1oXo0hy ', ajoag, hiohs),
and the action of TOPg(G X W) on G x W is given by
(A a,h) - (2,0) = (a(2) - AA(w)) ", h(w)).

Then M(W, G) x Aut(G) is the group of all weakly G-equivariant self-homeomor-
phisms of G x W which move only along the fibers. (In the past, the action of A
that was used was multiplication by A(w) rather than A(w)~!, which caused the
group law of M(W, G) to be written in a reversed order. Here we chose this more
convenient form.)

For a € G, the constant map W — G sending W to a is denoted by

r(a) = (a,1) € M(W, G) % Aut(G).

This is a right translation by a~! on the first factor of G x W so that r(a)(x, w) =
(r-a~',w), and the subgroup of all such right translations is denoted by r(G) C
M(W, G). Let £(G) denote the group of left translations on the first factor, so that
l(a)(xz,w) = (a-x,w). Then elements of ¢(G) are of the form

{(a) = (a™*, pu(a)) € M(W,G) x Inn(G),

where p(a) is conjugation by a € G so that u(a)(x) = awza™!. Note that £(G)
is normal in TOP¢(G x W). In fact, our TOPg(G x W) is the largest subgroup
of TOP(G x W) in which ¢(G) is normal. We call the group TOP¢(G x W) the
universal group for the Seifert construction. Recall that it is the group of all weakly
G-equivariant self-homeomorphisms of G x W.

Let G be a Lie group such that Aut(G) = Inn(G) x Out(G). For example, R™
or a semi-simple Lie group of non-compact type with trivial center satisfies this
condition. From now on, we use a specific fixed lifting of Out(G) into Aut(G).
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Then every o € Aut(G) is written uniquely as u(a) o @, for some a € G and
@ € Out(G) C Aut(G). We work with

U=MW,G) x (Aut(G) X TOP(W))
=M(W,G) x ((Inn(G) x Out(G)) x TOP(W))
as the universal group for a Seifert fiber space construction for G.

2.1. Lemma. Let G be a Lie group such that Aut(G) = Inn(G) x Out(G). Then
U can be written as

U = 1(G) % 2(c) IM(W. G)  (Out(G) x TOP(W))].
Proof. If « = p(a) o@, we can write (A, «, h) as
(A a,h) = (A p(a) o@, h)
= (e (a(Aa)a™"), u(a) 0@, h)
= (a7 u(a),1,) - (Na, @, h).

This shows /(G) and M(W, G) x (Out(G) x TOP(W)) generate M(W, G)x (Aut(G) x
TOP(W)). Clearly, the center Z(G) of G lies in £(G) and r(G) C M(W,G), and
l(a) = (a7, p(a), 1) and r(a=t) = (a1, 1,1) for a € Z(G) define the same elements
of U. (]

Define U and U by
U = ((G) x [M(W,G) x (Out(G) x TOP(W))],

U =MW,G) x (Out(G) x TOP(W)).
Then, by Lemma 2.1,
U= K(G) X z(@) U.

Our chief concern in this paper is for G = S3. We note then that Out(G) is trivial,
and consequently we have

U = ((G) x [M(W,G) x TOP(W)],

U =M(W,G) x TOP(W),
U= K(G) N7 U.

Now suppose I' C £(G) is a lattice, and p : Q — TOP(W) is an action which is not
necessarily effective. With an extension 1 - I"' — IT — @ — 1, our goal is finding
a homomorphism 6 : IT — U which gives rise to an action of IT on G x W. For 6 to
be injective, it is necessary that the kernel of ¢ x p : Q@ — Out(G) x TOP(W) be
mapped injectively to £(G) Xz M(W, G). Let A = 0(I1) N [M(W, G) x Inn(G)].
In the case when G is simply connected nilpotent, or more generally, solvable of
type (R) [8], for A to act properly on G, it must be a lattice of G again, and lie
inside /(G) C r(G) x Inn(G) = £(G) xzg) r(G). This can be seen as follows:
Suppose A C M(W,G) x Inn(G) acts properly on G x W. Since it acts trivially
on the W-factor, it acts on G properly. Therefore, @' = A/’ must be finite,
and injects into M(W,G)/Z(G) by the natural projection M(W,G) x Inn(G) =
UG) @z M(W,G) — M(W,G)/2(G). However, for all Lie groups listed above,
M(W, @)/ Z(G) does not have elements of finite order except the identity. This is
because the exponential map g — G is bijective. Thus the equation 2™ = a on G
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has a unique solution for every n € Z and every a € GG. This shows that A C G.
For G = S3, this is not true any more. In fact, an abstract lattice I' can sit in
M(W, G) x Inn(G) with T' N ¢(G) even trivial. To control such situations, we shall
use A C £(G) X z(g) r(G) instead of I', where r(G) is the group of right translations
on the first factor of G x W. In fact, to avoid complication, we shall use subgroups
A* of £(G) x r(G) rather than of £(G) x z(g) r(G). Note that some finite subgroups
A C UG) xz@@ r(G) lift to £(G) x r(G) and some do not. For the latter case,
A* will then be the covering group of A, so that A = A*/Z(G), where Z(G) is
the center of G sitting diagonally. If we use A C £(G) x z(g) r(G), and replace
the exact sequence 1 - I' = IT - @ — 1byl —- A — II — Q' — 1, where
Q' =1II/A = Q/(A/T), nothing is lost in generality, but more geometry is put into
our embedding problem when G is compact. (If G is R™ or a simply connected
nilpotent Lie group or solvable Lie group of type (R), nothing would be gained by
this move.)

Suppose W = R2 or H, and Q is either a euclidean crystallographic or Fuchsian
group, respectively. Then the typical fiber of the resulting Seifert fiber space is
(AN4(G))\G, and the base is a 2-dimensional compact Riemannian orbifold. Ac-
tually there will be no “typical fiber” unless A lies purely in ¢(G). This is due
to the way the term typical fiber is defined. What we actually see over all the
non-branched points is A\S3. Over a branched point w € Q\W with multiplicity
aj, we find that the fiber is the orbit space of A\S? by a cyclic group Z, , acting,
up to affine equivalence, as isometries.

Since we require that A maps into £(G) x z(q) 7(G), ¢ x p will be injective if 6
is to be injective.

Dividing out by Z(G) causes a lot of unnecessary trouble. Therefore, to avoid
such trouble, we use U instead of U itself. Hence we work with A* C £(G) x r(G)
rather than A C £(G) x z(g)r(G). This procedure is useful when Z(G) is small, say
a finite group. For G = S3, it is Z,. We shall use the same notation for subgroups
A CUG) xz@ r(G) and A* C £(G) x r(G), unless we need to distinguish them
clearly. It should be clear from the context. Therefore, A may mean a subgroup of
UorlU. ~

The following lemma says that making a Seifert construction IT — U is equivalent
to constructing a homomorphism of IT extending the homomorphism of A. This
breaks the construction problem into two pieces, each of which can be addressed
separately.

2.2. Main Lemma. Let G be a Lie group such that Aut(G) = Inn(G) x Out(G).
Suppose 1 — A — II — Q — 1 is ezact, i = iy X ip : A — UG) x r(Q),
and p : Q — TOP(W) is an action. In order for there to exist a homomorphism
0 : I — U which makes the diagram

1 - A - I — Q — 1
! 1o 1 oxp
1 — G)xMW,G) — U — Ouw(G)xTOP(W) — 1

commutative, the following conditions are necessary and sufficient:

(a) The abstract kernel Q — Out(A) induces a homomorphism ¢ : @ — Out(G).
(b) There exists a homomorphism II — £(G) x Out(G) extending ip : A — £(G),
and compatible with ¢.
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(c) There exists a homomorphism II — U = M(W,G) x (Out(G) x TOP(W))
extending i, : A — r(G), and compatible with ¢.

Proof. (Necessity) Suppose there exists such a homomorphism 6. Observe that the
subgroups of U, M(W, G) x TOP(W), {(G) x [M(W,G) x TOP(W)], M(W,G) x
(Out(G) x TOP(W)), and £(G) are normal in i{. Thus, @ followed by the appropri-
ate quotient map by one of the above normal subgroups is a desired homomorphism.

(Sufficiency) The factor M(W, G) x TOP(W) of U commutes with £(G), and only
the Out(G)-factor acts non-trivially on £(G). Thus, the action of I on £(G) is only
through Out(G). Since the homomorphisms I — £(G) x Out(G) and 1T — U share

the same IT — Out(G), they yield a desired homomorphism 6 : IT — U. |

This lemma enables us to divide the embedding problem into 2 steps. Let K,
be the kernel of iy : A — ¢(G). Then, as we shall see in Theorem 3.2, K, and K,
are characteristic in A, and hence are normal in IT. We map IT/K; into ¢{(G) x
Out(@) extending A — ¢(G). Now let K, be the kernel of i, : A — r(G). As
before, we map IT/K, into U, using the extension 1 — i,.(A) — II/K, — Q — 1
together with ¢ x p : @ — Out(G) x TOP(W). Then we combine these two
homomorphisms to construct a desired homomorphism I — U. We may express
the desired homomorphism as the “composition” IT — IT x IT — I /K, x IT/ K, —
(L(G)xOut(G)) x (M(W, G) x (Out(G) x TOP(W))) — £(G) x [M(W, G) x Out(G)] »
TOP(W), where the first homomorphism is the diagonal map. Observe that it does
not matter which homomorphism (b) or (c) in the statement is constructed first.

3. SEIFERT FIBERINGS WITH G = S°

Now we specialize to the case where G = S3. Then it has center Z(G) = Zo,
and Aut(G) = Inn(G) since Out(G) is trivial. Therefore,

U = ((G) x [M(W,G) x TOP(W)] = [((G) x M(W,G)] x TOP(W),

U = M(W,G) x TOP(W),
U= é(G) b/ U.

Here is the list of all the finite subgroups of S%:

cyclic group Zy, = (x|aF=1),

binary dihedral group D, =(r,y|a®t =1, 2k =42, yay=t =271),
binary tetrahedral group T* = (z,y|z?=1, 22 = (2y)3 = y3),
binary octahedral group ~ O* = (z,y|z? =1, 22 = (2y)3 = y*),
binary icosahedral group  I* = (z,y|a* =1, 2 = (ay)® =¢°

Note that D}, = Zop xz, Z4. When k is odd, then D}, is also isomorphic to
Zy, X Zy4. In fact,

T xZy= (2 y| " =1, y* =1, ya/y =2/,

where 2/ = 22. It is enough to see that € Zj x Z4. Let k = 2m + 1. Then,
y? =ak =2t =2/ . Thus, x =2’ " - y? € Zy, 1 Zy .
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It is convenient to look at G = S? as a subgroup of SO(4). We may identify G
with the subgroup of SO(4) consisting of elements of the form

o —T1 —To2 —I3

T To —I3 T2
T2 €T3 To —I1
r3 —I2 T Zo

with 22 + 22 + 2% + 23 = 1. This corresponds to a unit quaternion x = z¢ + z1i +
r1j+x1k. So, if we identify the first column as x, then the second, third and fourth
columns are xi, xj, and xk, respectively. Let

-1 0 0 O

o= 01 0 0
0010

0 0 01

Conjugation by o is an involution of SO(4), changing the signs of the first row and
the first column (therefore, the (1,1)-entry does not change). We denote the image
o(G) by G°. Clearly —I € G N G° = Zsy, which is the center of G and G, and
also of SO(4). Thus, G- G° = SO(4) and GNG° = Z(SO(4)) = Zo, the center of
SO(4). Therefore, every element of SO(4) can be written as a - b° = (—a) - (=b)?,
with a,b € G, uniquely modulo Z(SO(4)).

In the following, R(6) denotes the rotation

cos2mf —sin 27wl
R(9) = [sin 270 cos 2#9} '

~—

Note that

R(o)—{Réo) R(()H)]GG and [Réo) R?@T‘[R(ge) R?@]

We need to find the normalizers of the finite subgroups of S3.

3.1. Lemma. For ' C G, the normalizer of I in G is as follows :

r C lorZy  Zp(k>2) Di Di(k>2) T* O I*
Normalizer : G SO(2)xz,Z4 O* D3, o* O I*

Proof. Since T is a closed subgroup, its normalizer N(T') is also a closed, and hence
compact, subgroup of the compact Lie group S®. Moreover, N(T') is a Lie group.
If dimN(I") = 0, then N(T') is finite. Suppose that dimN(I") > 0. The subgroup
N(T) of S? acts on S? freely via left multiplications. Then N(T') is isomorphic to
either S, N(S1), or S3. See [1, p.153]. Note that N(Zz2) = S3, and if ' 2 1 or Zo,
then N(I') # S3.

Consider Zj with k > 2. By conjugating if necessary, we may assume that a
generator of Zy, is R(1/k). Then R(6) € G commutes with Zj, and conjugation by

T, where
0o J -1 0
7'—|:_J 0] andJ—{O 1],

inverts Zjy. Clearly, SO(2) = {R(¢) : 0 < 6 < 1} and {7} generate the normalizer
of Zy, for k > 0. Since 72 = —I = R(1/2) € SO(2), * = I. Therefore, N(Zy) =
80(2) N7 Z4.
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For I' = D}, = Zoy Xz, Z4 with k > 2, in order for an element of 53 to normalize
D3, it should normalize the characteristic subgroup Zgy. Therefore, N(Dj,) is
contained in SO(2) xz, Z4. Now it is easy to see that N(D3, ) is Zay, Xz, Zs = D,

Let I' = Dg. It is well known that Dg is a normal subgroup of O*. No binary
dihedral group D}, can contain O*. Therefore, N(D§) = O*.

The case of T' = T*,0*, or I*: If N(I')g = SO(2), then N(T') = SO(2) Xz, Z4
= N(SO(2)), since it is the only proper subgroup of S* containing SO(2). Since
N(SO(2)) cannot contain T, this is impossible. Hence N(T') is a finite group. Since
T* is a normal subgroup of O*, it follows that N(T*) = O*. It is easy to see that
N(O*) = O* and N(I*) =T*. O

An element of G C SO(4) is determined by its first column. In fact, there is
a natural one-to-one correspondence between S® C R* and G, by v < v, where
v is the unique element of G whose first column is v. Furthermore, the action of
a-b° € SO(4) on v € §3 corresponds to the matrix product a-v-b~1, verifying that
the subgroups G and G? correspond to ¢(G) and r(G) C M(W, G). The following
diagram is commutative:

UG xr(G@)xG — Cf ((a,ll)),v) — a-vl'b_1
SO(4) x 83 — 53 (@-v7,v) — (a-b%)v

Note that ¢(G) and r(G) are the same group G. We view these as different
subgroups of TOP(G). Also, note that

L(G) x r(G) —— SO(4),
(a,b) — a-b7%,

is a two-to-one map. In fact, the subgroup {+(I,I)} = {(z,2) : z € Zs}, where
Zs = £(G)Nr(G) is exactly the ineffective part of the action of £(G) xr(G) on G. All
spherical space-form groups can be put into either £(G) xz,7(S*) or £(S!) xz, 7(G),
where Zo = ¢(G) N r(G) as above. Sometimes a spherical space-form group A C
SO(4) lifts to a subgroup of £(G) x r(G). Otherwise, we can take a central extension
A* C U(G) xr(G) so that 1 — Zy — A* — A — 1 is exact. We still call such a A*
a spherical space-form group.
Let i =iy X iy : A — £(G) x r(G) be an injective homomorphism. We denote

Ko =Ker(ig) = Anr(G), K, = Ker(i,) = ANL(G),
Ay =TIm(ig) = A/ Ky, A, =Im(i,) = A/K,.

We shall say that H is a diagonal subgroup of H; x Hs if there exist surjections f;
and fo from H; and Hj respectively to some abelian group A, and H is the kernel
of the map H; x Hy — A whose restriction to H; is f;. More generally, a group H
is a diagonal subgroup of Hy x Hj if there exist a (not necessarily abelian) group
A and surjective homomorphisms f1 : H; — A and fs : Ho — A so that H is the
pullback of f1 and f. That is, H = {(z,y) € H1 x Hz : f1(z) = f2(y)}-

The following is known from work of Seifert and Threlfall, see for example, [18,
p.224], [15, 4.11], [13, p.111], [12] or [14].
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3.2. Theorem. Let A be a finite subgroup of SO(4) acting freely on S®. Then one
of the following holds. In all cases, r(S®) and ¢(S3) can be interchanged.

1. A =7y lifts to £(S®) x r(S®) as a diagonal subgroup of Z, x Zq so that
Ky =7y, K,=Zy,
ANy =Ly, A, = Zg,
where p,p’,q,q" are certain integers satisfying pp’ = q¢' = n.

2. A = B* X Zy,, where B* is one of the binary polyhedral groups and m is

coprime to the order of B*, lifts to £(S®) x r(S3) as
Ky = va K, = B*,
Ay = BY, Ay =Ly,

3. A is an extension of a cyclic group Zo, by Zo. Its double covering A* is a
diagonal subgroup of Za, x D}, C €(S3) x r(S3) of index 2, where n = uv with
(u,v) =1 and u even, and A = A*/Zy. Therefore, A* embeds in £(S3) xr(S?)
as

KE = ZQU) KT = ZQ’Ua
A; =Dy, A =Dy
4. A* C £(S3) x r(S?) is a diagonal subgroup of T* X Zgm of index 3, and
Ké = Z2m7 Kr = Dga
Az:D§><IZ:;=T*, A::Z6m

In all cases, Ky and K, are characteristic subgroups of A or A*.
Proof. (1) A cyclic group Z,, in SO(4) is generated by

{R(o%) R?ﬂ]‘[ﬂéﬁ) R(%)HR(%;"T) R(g::)

o

up to conjugation in SO(4). Then Z, acts freely if and only if r satisfies (r,n) = 1.
Furthermore, any two such representations with = and 7’ are conjugate in O(4) if
and only if r = 47’ mod n or rr’ = 1 mod n. Suppose 7 is even, 0 < r < n. Then
n is odd since (r,n) = 1. Take ' = n — r. Then ¢/ is odd. Therefore, without loss
of generality, we may assume that r is odd. Then we define a lift Z,, — ¢(G) x r(G)
by

SO4) s R (L) - R(LE)7 — (R(YE).R(52)) € UG) x r(G).

2n

Since r is odd, (R(42), R(42)) has order exactly n in £(S%) x 7(S%). Note that
if r£1 =0 mod n, then A lies completely in one of £(G) or r(G). In general, A
lies in ¢(G) x r(G) diagonally.

The order of Ay and A, are p = 2n/ged(2n,1+ r) and ¢ = 2n/ged(2n,1 — r);
and p’ =n/p, ¢ =n/q.

In the following, we indicate the commutative diagram
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1 Ky A Ay 1
1 K, A, Zo 1
1 1 1

omitting the trivial groups.
Then the group Z, fits the commutative diagram

Zq/ ;) Zq/

| l

Loy T, Z,
Zp/ Zq Za

so that Z,, is a diagonal subgroup of Z, x Z, of index «, where o = pg/n.
(2) The product A = B* X Z,, maps into £(S3) x r(S%) by B* C £(S?) and
Zm C 7(S?) so that it fits the commutative diagram

B* — - B*

Lol

Zom A B*
= |
Ly ——— T, 1

(3) A decomposition 2n = 2u - v, v = 2w with (2w,v) = 1, gives rise to an
embedding of A* as follows: Let x, y be integers such that 2wz + vy = 1. Then
let 7 = 1 — 4wz (= —1 + 2vy) mod 2n. Then 72 = 1 mod 2n. Such an 7 is called a
regular solution of 72 = 1 mod 2n of even type associated with the decomposition
2n = 2u - v, u = 2w. A is generated by

} and v_[o R(#].

o _ [R(%
Cén)_[ (5") -1 0
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Then A* fits the diagram

Z2u — Z2u

| |

Ly —— A" ——— Ly

|- | |
Loy —— D}, —— Zo

so that A* is a diagonal subgroup of Zy,, x D}, C £(S3) x r(S?) of index 2.
For example, let 2n = 24. An even decomposition 24 = (2-4) - 3, 2w = u = 4,
v =23, and (2w,v) = (4,3) = 1, gives rise to subgroup A of SO(4) generated by

R I R

Observe that these can be written as

3 1\7 1 .

where W is a matrix such that W2 = —I, WR (—%) W-l="R (%), and it commutes
with every other matrix. Therefore, K, = Zg and K; = Zg are generated by C?

and C°V =2, respectively.

Remark. An odd decomposition of 2n gives rise to a product embedding which is
case (2). For more details. the reader is referred to the paper [14], but one should
beware of many typographical errors in that paper. Specifically, in page 149 line
—17, u = 2v should read u = 2w. Also in the same page, line —10, all n’s should
read u’s.!

(4) The group A* fits the commutative diagram
ZQm e ZQm

| l

D —— A —— T

= l

D —— T —— 74

so that it is a diagonal subgroup of T* X Zg,, of index 3. Of course, A = A*/Zs.
Finally, from the list, it is clear that all K, and K, are characteristic in A or
A*. O

Let @’ be an extension of a non-cyclic binary polyhedral group B* by (. Con-
sider the following condition on Q'.

LIf you happen to be using the Russian original of [14], the same errors appear on page 135,
lines 2 and 9.
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Condition (B).
1. If B* = D}, Q' is either a product D§ x @, a diagonal subgroup of Dig x @
of index 2, a diagonal subgroup of T* x @ of index 3, or a diagonal subgroup
of O* x () of index 6.
2. If B* = D}, (k>2) or T*, then Q' is either B* x @ or a diagonal subgroup
of D§, x @ or O* x Q of index 2, respectively.
3. If B* = O* or I*, then Q' = B* x Q.

From Main Lemma 2.2, we have

3.3. Lemma (Non-cyclic). Let i : A — G be a finite non-cyclic binary polyhedral
group, p:Q — TOP(W) be an action on a connected space W; and let 1 — A —
II — @Q — 1 be exact. The following are equivalent :
(1) There exists a homomorphism 6 : IT — M(W,G) x TOP(W) extending i :
A = r(G) Cc M(W,G) and compatible with p.
(2) There exists a homomorphism 0 : I — G x TOP(W) compatible with i and
p-
(3) There exists a homomorphism i:II — G extending i.
(4) II satisfies the condition (B).

In each of the cases, there exists only one homomorphism i defined by projecting
IT onto the first factor of the product and then followed by the inclusion of the first
factor into G. The homomorphism 6 is injective if and only if p is injective.

Proof. Suppose there exists 6 : IT — M(W,G) x TOP(W). For any (n,h) €
M(W, G) » TOP(W),

(Tlv h)(Z, 1)(771 h)_l = (7] TR 7]_17 1)
for z € r(G). This implies that if (n,h) € (IT), then n : W — G must have

values in Ng(A). In other words, 6 : IT — M(W, Ng(A)) x TOP(W). Since A is
not cyclic, Ng(A) is discrete. Moreover, since W is connected, every continuous
map into Ng(A) is constant so that M(W, Ng(A)) = Ng(A). Note also that the
action of TOP(W) on Ng(A) C r(G) is trivial. Consequently, any homomorphism
0 : IT — M(W,G) x TOP(W) has image in 7(G) x TOP(W) C M(W, G) x TOP(W),
and such a homomorphism exists if and only if there exists a homomorphism i
IT — Ng(A) C G extending i.

Now the image i(IT) is isomorphic to either A or a normal subgroup S of Ng(A)

containing A. If ¢(IT) = A, then IT is a product A x ). Otherwise, IT is a diagonal
subgroup of S x (). This happens only when A = D}, or T*, see 3.1. O

To treat the case when A is cyclic, we use cohomology arguments. We shall use
the first and second group cohomology, but they have non-abelian coefficients. The
first cohomology arises from crossed homomorphisms. With the same notation as
in Lemma 3.3, any homomorphism 6 : IT — M(W, G) x TOP(W) compatible with
p: Q — TOP(W) yields a crossed homomorphism A : IT — M(W, G). That is,

AapB) = Ma) T A(B) = Ma) - AN(B)op(@) ™,
where @ € @ is the image of o € II. Conversely, any such a crossed homomor-
phism A gives rise to a homomorphism §. If M(W,G) is replaced by r(G), the
action of TOP(W) on r(G) is trivial, so that the crossed homomorphism becomes
a homomorphism.
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For a group @, a commutative group A and a homomorphism ¢ : Q@ — Aut(A),
each congruence class of extensions of the form 0 — A — II — @ — 1 with
abstract kernel ¢ is represented by an element of Hé(Q; A). We denote the element
of H3(Q; A) which is represented by this extension by [IT]. See [11]. If ¢ is obvious
from the context, we suppress it and write H;(Q; A) as H3(Q; A).

3.4. Lemma (Cyclic). Let i : A = Z, — r(G), n > 2 (so that Ng(A) =
SO(2) 1z, Z4), let p: Q — TOP(W) be an effective properly discontinuous action
on a simply connected space W; and let 1 — A — II — Q — 1 be exact. The
following are equivalent:
1. There exists an injective homomorphism 0 : IT — U = M(W, G) x TOP(W)
estending i : A — r(G) C M(W, G) and compatible with p.
2. There exists a crossed homomorphism i : I — M(W,SO(2) Xz, Z4) extending
i.
If 1 holds, then either the subgroup A is central or elements of II must act as
inversion on A. If A is central, the above is also equivalent to

3. There exists an exact sequence 1 — 7, — I — Q—1lsothatl - A— I —
Q — 1 is its natural image.
Suppose A is central, and 3 holds. Then 6 has image in SO(2) x TOP(W) (and
consequently, i extends to a homomorphism II — SO(2)) if and only if
4. The image of [ﬁ] under the homomorphism j. : H*(Q;Z) — H?*(Q;R) in-
duced by the inclusion map j : Z — R lies in n-Image(j.) C H*(Q;R).

Proof. A homomorphism 6 : IT — M(W,G)x TOP(W) induces a crossed homomor-
phism IT — M(W,G) which necessarily has values in M(W,SO(2) xz, Z4) (recall
that Ng(A) = SO(2) Xz, Z4), and conversely, such a crossed homomorphism gives
rise to a homomorphism 6 : IT — M(W, G) x TOP(W). Thus 1 and 2 are equivalent.

We show that 1<=3. Suppose (1) holds. Then § must have image in
M(W,SO(2) xz,Z4) x TOP(W). (See the proof of Lemma 3.3.) This implies
the abstract kernel @ — Aut(A) is either trivial or has image Zs whose non-trivial
element is the inversion on A. B

Suppose A is central. View SO(2) as R/nZ, and take the pullback IT of the two
homomorphisms 6 : IT — M(W,SO(2)) x TOP(W) and M(W,R) x TOP(W) —
M(W,S0(2)) x TOP(W), to get

1 - nZ — I — I — 1

l= ! !

1 — nZ — M(W,R)xTOP(W) — M(W,S0(2))x TOP(W) — 1

Simple connectivity of W assures that the bottom sequence is exact. By restricting
the above diagram to the subgroup Z,, = A C I, we get a subgroup A C IT and a
commutative diagram

1 - nZ —-— A — Z, — 1

(3.4.1) l | 1

1 - nZ - R — SO(2) — 1
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This implies A is torsion free, and hence A = Z. Since I /A = Q, we have a desired
extension1—>Z=A—>1~Y—>Q—>1.

Conversely, suppose there exists an exact sequence 1 — Z — I — Q—1
which maps down to 1 — A — II — @ — 1 naturally. We shall first map
IT into M(W,R) x TOP(W), and then it will induce a desired homomorphism
IT — M(W,S0(2) x TOP(W)) Cc M(W,G) x TOP(W) via SO(2) C G. In order to
find a homomorphism 0.1 — M(W,R) x TOP(W), we employ a cohomological
argument. The existence of a homomorphism ' which makes the diagram

1 — Z — I - Q - 1
l Lo Lo
1 — M(W,R) — M(W,R)xTOP(W) — TOP(W) — 1

commutative is equivalent to saying that [ﬁ] € H?*(Q;Z) maps to [M(W,R) x
Q] =0 € H?(Q; M(W,R)) under the homomorphism H?(Q;Z) — H?(Q; M(W,R))
induced by the coefficient homomorphism R — M(W,R). However, it is known
[2] that the group H?(Q;M(W,R)) is 0 when the action p : Q@ — TOP(W) is
properly discontinuous. Now divide out II — M(W,R) x TOP(W) by nZ to get
a homomorphism of IT — M(W,SO(2)) x TOP(W). Since SO(2) C G, we have
obtained a desired 6 : IT — M(W, G) x TOP(W). This establishes the equivalence
of 1, 2 and 3 when A is central.

To prove the final claim, suppose A is central, and 3 holds. The commutative
diagram (3.4.1) of trivial @-modules yields a commutative diagram

HX(QnZ) L HAQZ) £ HXAQA) — H3(Q;nZ)
I L js 7. I

H2(Qinz) L HAQR) L H2Q;80(2) — HYQinZ)

Suppose 0 has image in G’ x TOP(W). Then, in fact, IT maps into SO(2) xQ. (We
identify @ with p(Q).) This implies 7] =0 = [SO(2) x Q]. Since p[II] = [II],

we have p'j,[II] = j p[II] = 7 [II] = 0 by the commutativity of the second square

of the diagram. By exactness, there exists a € H?(Q;nZ) such that j'(a) = j.[I1].
However, j’ is just ®R and is the same as the composite H?(Q; Z) - H?*(Q;7Z) SR,
H2(Q;R). Consequently, j,[II] lies in n-Image(j,) C H2(Q;R).

Conversely, suppose j,[II] lies in n-Image(j,) C H2(Q;R). Then it is in the
image of 7' by the above argument. By exactness, p’j. [ﬁ] =0¢€ H?*(Q;S0(2)). The
commutativity of the second square again implies 3* [IT] = 0, which is equivalent to
saying that IT maps into SO(2) x Q. Since SO(2) C G, we have obtained a desired
I — G xQcCGxTOP(W). O

Note that the above statement 3 is not true if A is not central. For example,
suppose II = D}, = Za, Xz, Z4, so that 1 — Zy, — D}, — Zy — 1 is exact.
There is no exact sequence 1 — Z — 7 — Zo — 1 which maps to the above exact
sequence. Furthermore, even if there were such an exact sequence, the statement 4
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will not work. In fact, SO(2) Xz, Z4 represents a non-zero element of H?(Zy;SO(2)),
and no element of H?(Zy;R) = 0 maps to [SO(2) xz, Z4] € H?(Z2;SO(2)).

Let A be a spherical space-form group, p: Q@ — TOP(W) a properly discon-
tinuous action; and let 1 — A — II — @Q — 1 be exact. Suppose there exists a
homomorphism IT — U with i = iy X i, : A — £(G) x r(G). When iy and i, are
interchanged, there may not exist such a homomorphism I7 — U. Recall that at
least one of Ay or A, is cyclic. The following lemma shows that putting a cyclic one
in A, rather than in A, gives more flexibility for constructing a homomorphism of
II into U. See Examples 4.8 and 4.9.

3.5. Lemma. Leti=1ip X i, : A = U(G) x r(G) be a spherical space-form group.
Let p : Q — TOP(W) be a properly discontinuous action; and let 1 — A —
II — @ — 1 be exact. Suppose II embeds into U so that the diagram (Seifert)
below in 3.6 commutes with Ay cyclic and A, non-cyclic. Then 0 has image in
(6(G) x r(G)) x TOP(W). Therefore, I can be embedded into U also with iy and
i, tnterchanged.

Proof. The homomorphism 6 : IT — U induces a homomorphism 0 : IT — M(W,G)
xTOP(W). However, since i,(A) is a non-cyclic polyhedral group, # must have
image in r(G) x TOP(W) by 3.3(2). Consequently, 6 has image in (£(G) x r(G)) x
TOP(W). O

Let 1 - Z, — A" — @Q — 1 be exact; and p : Q — TOP(W) be an action.

Conditions (C1) and (C2) :

(C1) When i, : Z, — SO(2) — 7(5%): There exists a homomorphism 6 : Q' —
M(W, 53) o TOP(W) extending i,. If n > 2, then this reduces to: there exists
a crossed homomorphism 6 : Q' — M(W,SO(2) oz, Z4) extending i. If A is
central and n > 2, this is equivalent to the existence of an exact sequence
1 —7Z— Q" — Q— 1 whose mod n reductionis 1 - A — Q" — Q — 1.

(C2) When iy : Z,, — SO(2) < £(S3): There exists a homomorphism 7 : Q' — S>
extending ip. If n > 2, then this is equivalent to: there exists a homomorphism
Q' — SO(2) oz, Z4 extending Z,, — SO(2).

We combine the ideas from the previous two lemmas, and state the final result.
This will be used in the next section. We use the conditions (B) in 3.3 for binary
polyhedral groups, (C1) and (C2) for cyclic groups.

3.6. Theorem. Let i = iy X i : A — L(G) x r(G) be a spherical space-form
group; p : Q@ — TOP(W) an effective properly discontinuous action; and let
1—- A —II - Q — 1 be exact. Necessary and sufficient conditions that there
exists an injective homomorphism 0 : I — U which makes the diagram

1 — A — I — Q — 1
(Seifert) li le Le

1 — Q) xMW,G) — U — TOPW) — 1
commutative are :

1. If Ay is cyclic and A, is not cyclic: I/ Ky satisfies the condition (C2), and
II/K, satisfies the condition (B).
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2. If A, is cyclic and Ay is not cyclic: 11/ K, satisfies the condition (B), and
II/ K, satisfies the condition (C1).

3. If A, and Ay are both cyclic: 11/ Ky satisfies the condition (C2), and I/ K,
satisfies the condition (C1).

In 2 or 3, if, furthermore, I1/ K, satisfies the condition (C2), then IT embeds into
Isom(G) x TOP(W).

Proof. 1f § exists, it induces homomorphisms 7 : IT — ¢(G) extending iy : A — £(G),
and 0 : IT — M(W,G) x TOP(W) extending i, : A — r(G) c M(W,G) and
compatible with p.

Conversely, suppose II satisfies the conditions stated in the theorem. Recall that
Ky and K, are characteristic in A, and are normal in I7. We apply Lemmas 3.3 and
3.4, for the exact sequences 1 — Ay - II/Ky - Q — 1 and 1 — A, — II/K, —
Q — 1 to get homomorphisms i : IT — ¢(G) extending iy : A — (@), and 8 : IT —
M(W,G) x TOP(W) extending i, : A — r(G) C M(W, G) and compatible with p.
Then, applying the Main Lemma 2.2 (combining these two homomorphisms), we
get a desired homomorphism IT — £(G) x [M(W, G) x TOP(W)] =U. O

3.7. Example. Let A = Z,j, IT = Do, so that Q = Zy. Suppose A C ¢(G) x
r(G) and Q acts on S? by 180° rotation around the poles. This II cannot be
embedded into I nor U. If Ky = 7Z,, the exact sequence 1 — Zy — Do — Zy — 1
cannot map into ¢(G), unless k = 1. Suppose k = 1, so that K, = Zy = 1. Then
the exact sequence 1 — Z, — Da, — Zs — 1 must map into M(W, G). However,
at the south pole S, Dy, must map into M({S},G) = G, which is not possible.

Consequently, Ds,,;; cannot map into & nor U.

4. WHEN W 1S 2-DIMENSIONAL

In this section, we specialize to the case where W is 2-dimensional. In fact,
we shall restrict to W = R? or W = H?, and the action of Q on W will be via
orientation—preserving isometries, so that p : Q — Isomg(WV). We may present
a cocompact 2-dimensional orientation—preserving Riemannian orbifold group as
follows:

P g
(Q) Q = <Elv"' 7Egay11"' 7ygawla"' 7wp | wjaj = 17ij H[Tzvyz] = 1>
j=1 =1

for p >0, g > 0 and all a; > 2. If g = 0, we require, in addition, that p > 3. The
Euler characteristic of @) is defined as

x<Q>—<2—2g>—i(1—aij).

j=1

Then Q acts properly on W with compact quotient, where W is S2?,R?, or H?
according as x(Q) > 0,= 0, or < 0, respectively. In fact, any group acting properly
discontinuously and effectively on S? R2?, or H? preserving orientation and with
compact quotient is isomorphic to such a @) and has branching indices equal to the
a;’s. We shall restrict ourselves to x(Q) < 0, to insure that W = R? or H2. Then
Q is infinite and has trivial center unless Q) = Z2. The latter case occurs only if
g=1and p=0.
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The embedding problem for A almost always has a cyclic component. The cyclic
groups need the most analysis. Consequently, much of present section is devoted
to studying when there exists a homomorphism @ — SO(2) which is injective on
Zy,, for a central extension

1—>Zn—>©—>Q—>1

with x(Q) < 0.
Associated with each @ are groups with presentations of the form

Q é:<j1"”7‘%97g17"'7g977~b17"' lpr,é|2cemtml,,71;‘.’“7‘:*—5;'7
g
H 115 = ),
(Q) @:<$1,~~,x9,y1,-~,yg,w1,~' wp,z|zcentra1 2" :ijaj:z—ﬁj’
g
HwJHZCz,yZ =20
j=1 =1

4.1. Lemma. Suppose x(Q) < 0. Then

1. A group Q' has a presentation of the form (Q) if and only if it is a central
extension of Z = (Z) by Q.

2. A group Q" has a presentation of the form ( ) with0 < f; <nand0 <b<n
if and only if it is a central extension of Z,, = (z) by Q.

3. The mod n reduction homomorphism H?(Q;Z) — H?*(Q;Zy,) maps [Q'] to

[Q"].

Proof. Tt is well known that the group @’ is the fundamental group of a Seifert
orbifold group with infinite center, and the element 2 € @’ generates an infinite
cyclic group so that @' is a central extension of Z by Q. See [7] or [6]. Then it
is clear that Q" is a central extension of the cyclic group generated by z, by the
group Q. If Q is centerless, then the center of Q" is the group generated by z. If
Q = Z2, then the presentation is just (v,y,z | [z,y] = 2% 2" = 1,z central ). We
can, without loss of generality, assume that 0 < 8; <n and b <n.

One can define a natural homomorphism @' — Q" by sending the generators
Z; — x;, etc. The kernel of this homomorphism is nZ, since all we do to obtain
Q" is to add the relation 2™ = 1. Therefore, Q" = Q' /nZ, and the subgroups Z,
and Z generated by z and Z are the entire center of Q" and Q' unless Q" = Z,, xZ?
and Q' = ZxZ?, respectively. These exceptions occur only when ¢ = 1, p = 0
and b = 0. If Q = Z?, then @’ is nilpotent with center Z unless Q' = ZxZ2.
The homomorphism H?(Q;Z) — H?(Q;Z,) given by reduction mod n sends a
group of the form Q' onto the group of the form 0 — Z,, — Q” — @Q — 1. The
presentations of Q' and Q" show that [Q"] € H*(Q;Z,) is the mod n reduction of
[Q'] € H*(Q;Z). This establishes Lemma 4.1. O

Now associated with each @ is an invariant called the euler number of @ and
denoted by e(Q). It is defined to be the real (actually rational) number

p /8
—(b+> ).
=1 Y
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In fact, [e(Q)| is an invariant of the isomorphism class of Q. The number of distinct
congruence classes having the same euler number is precisely equal to the order of
the torsion in H?(Q;Z) which is a finite divisor of a; - - -, and actually is equal

to % See Theorem 4.5 for more details.

In 4.7, we give a complete solution to the embedding problem when G = S and
W = R2. Crucial to this is the existence of homomorphisms of Q into S* obtained
in 4.6. However, it is possible to obtain the results of 4.6 without the elegant
cohomological machinery employed in 4.5 and 4.6 by a direct construction involving
the euler numbers. We do this in lemmas 4.2, 4.3 and 4.4. While redundant by 4.6,
it does offer an alternative concrete approach.

4.2. Lemma. For a given Q with x(Q) < 0, all the possible euler numbers, e(@) =

—(b+ Zle g—;), associated to the congruence classes of central extensions of Z by

Q@ are all the possible integral multiples of %, where L = lem(aq, -+, ap).

Proof. 1f there are no a’s, then L = 1; otherwise, we may absorb the integer b into
the 3’s; that is, without loss of generality, we can assume b = 0 and the 3’s run
through all the possible integers. Put A = o ---a; -, and
N A Qe
Ay gy oy = A OOy
Qj ;i
Then it is known that
ged(Aq, -+, A4p) lem(on, -+ ,ap) = a1+ ap = A.

For an integer y, the equation

r1A1 +22A0 + -+ xpdp =y

has integer solutions if and only if y is a multiple of d = gcd(A1, Az, - -+ , 4,). If we
divide the equation by A = ay - - - oy, we get :

Thus, this equation has integer solutions if and only if y is a multiple of d. But

% = %, and consequently, we have integer solutions to

o1 o ap L’

By multiplying any integer to this equality, we see that all the other values of
P xj/a; = e(Q) are integral multiples of 1. O

We want to understand which @ with a presentation (Q) admits a homomor-
phism @ — (. Suppose there is a homomorphism 6 : @ — (. Let z be a generator
of Zy, and let 7 = 6(z) € G. Then Q must map to the centralizer of 7 in G.
Suppose the order of 7 is greater than 2. Then Cg(7) is a circle subgroup S*, a
maximal torus of G. _

We can parametrize this S! by R/nZ by sending r — en". Then for each
z € S, there exists a unique lift Z € [0,n) with e*"'% = z. Since 0(z) =7, 7 € R
will be some integer s between 0 and n. That is, 6(z) = 7 = w*®, where w = e
and 0 < s < n.
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4.3. Lemma. Let Q be any 2-dimensional compact orbifold group with x(Q) < 0.
Let Q be a central extension of Z, by Q with presentatwn (Q) Then there exists
a homomorphism 6 Q — St so that z — w®, w = e, if and only if there exist
integers c,ci,ca, -+ ,Cp Satisfying

(4.3.1) s(b+ Z g—j) =n(c+ Z ;—J)
j=1 " j=1

Then, Ker(0) N Zy, = Zy,, where k = ged(n, s), and is generated by z% . Therefore,
0 is one-one on Zy, if and only if ged(n,s) = 1.

Proof We parametrize S* by R/nZ by sending r — e %77 as before. First assume
6:Q — S' exists so that 0(z) = 7 = w*. We may assume 0 < s < n. Let 0(z;) = Ay,

0(yi) = i, and B(w;) = v;. We have unique lifts i, fii, and ; Dy in [0,n). Since § is a
homomorphism, we have the relations v;% = 775 and Hf-:l v [T, s i) = 70
Note that Hg i ] =1, and so the last relation becomes [[%_, v; = 7°. Our

lifts satisfy e nteili = 7=Bi = %t (= Bi)s  so that

;U = —ﬁjs + nc;

i gp

for some integers c1, ca, -+ ,c,. Also from Wit ) — b — ¢ , we have
i —l—---—i—yp = sb+n(—c)

for some integer ¢. These two equalities yield the equality (4.3.1) easily.
Conversely, if the equality (4.3. 1) holds for some integers c,ci,c2, - ,Cp, We
shall construct 6 : Q — S so that 0( )= e’ = 7. For each integer j, define

O(w;) = vj,

2~ N 2mi—~ 2mi (3. )
where v; = en % and U; = L (—fjs + n¢;). Then en %% = en (“Fistne))
J

=77 5o that u;-lj = 775, Define

O(zi) = Niy  O(yi) = i
for any choice of \;, u; € S*. Then we have [[7_, [\i, ;] = 1 and

H vj = 6 = (U1+--+1p) —e i Z§:1 (%j(_ﬁjs“‘"cj) — ezgi(bs—nc) — ezgibs _ b.
Thusl\all the relations are satisfied and we obtain a homomorphism 9 @ — Sl so
that A(z) = e+ *. Since k = ged(n, s), 6(z) has order %. Therefore, Ker(0) N Z, =
Zi, and is generated by z7% . O

4.4. Corollary. Let @ be a central extension of Z, by Q with presentation

g

Q = <$17 e 7wg7y17 e 7yg7z | z centml, 2" = 17 H[xzayz] = zb>

i=1
so that Q = Q/Zn s a surface group of genus g. Then there exists a homomorphism
0 : Q — St so that z — w*, w = en", if and only if sb is divisible by n. Then
Ker(0) N Zy, = Zy, where k = gcd(n,s), and is generated by z%. Therefore, 0 is
one-one on Zy, if and only if Q = Z, x Q.
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Proof. Since there are no w generators, the condition (4.3.1) reduces to sb = nc for
some integer c¢. This implies that sb is divisible by n. For 9 @ — S to be one-one
on Z,, k = ged(n,s) must be 1. Since n is coprime to s, b must be divisible by
n. But 0 < b < n, so that b = 0. Now the last relation in the above presentation
becomes [[7_, [xi,y;] = 1 in S'. Hence, Q=7 x Q. |

A calculation of the determinant of the (p+1) x (p+1) relation matrix correspond-
ing to the generators wy, - - , Wy, 2 of @/[@, é] = H, (é7 Z) yields that the torsion
of Hl(@;Z) has order |e(@)|A, if e(@) # 0. In particular, if a1, -+ , oy, are pairwise
relatively prime, then L = oy ---a = A. Consequently, integers 1, - - , B, can be
chosen to solve the equation 1 4; + 2242 + -+ 2pA, =y =d=1in 4.2. Using
these 3,’s, we have +[Q] € H2(Q;Z), for which H,(+Q;Z) has trivial torsion. All
other congruence classes will have non-trivial torsion in their first homology group,
because lem(ai,--- ,ap) = A. Moreover, all the ;s satisfy ged(a;, ;) = 1, for
otherwise, the left hand side of the equation for y would contain ged(e;, 5;) as a
factor. This implies that C~2 is torsion free, since the resulting Seifert orbifold group
is the fundamental group of an aspherical Seifert 3-manifold. (In case p = 0, i.e.,
@ is torsion free, then @ is the fundamental group of a principal S'-bundle over a
surface of genus g > 0, and H; (Q, 7Z) is torsion free if and only if b in the presenta-
tion for Q is £1 or 0.) Therefore, there is a unique congruence class Q € H*(Q;7Z)
such that e(@) = %, whenever the o, - - - , a, are pairwise relatively prime. In fact,
4.5, below, implies that the relatively prime condition is also necessary.

Now we calculate the second cohomology group of @. In the following, we use
notation:

(0417062, e 7ak) = ng(Oél,OéQ, e ,Oék;),
[al7a27 e 7ak] = lCm(Oél,OCQ, e ,Oék;).
Theorem 4.5. Let Q be a group with a presentation

g
— (= = = = o = | 7. — Il—
Q_<xl7"' yLgy Y15 1 Yg, W1, ,’U)ple‘ =1, w]H$z7yz _1
j=1 i=1

Suppose x(Q) < 0. Then
HQ(Q7Z) = Zdl @Zdz D - .de—l @Zv

where the integers dy,dz,--- ,d,—1 are determined by
([1],041) =1,
([O{l], 052) = d17
([051, 052], 043) = d27
([on, a2, 3], a4) = d3
([051, T 7aP—1]7 aP) = dp—l'

Thus, the order of the torsion in H?(Q;Z) is equal to H?;ll d; % oq oy, where
L=, 0.
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Let j : Z — R be the inclusion homomorphism. Under the homomorphism

je s HA(Q;Z) — H?*(Q;R)

induced by j, we have j.[Q] = L-e(Q).

Proof. Rather than using cocycles, we shall use group presentations. The group
H?(Q;Z) classifies the equivalence classes of central extensions of Z by Q. As
stated in 4.1, when x(Q) < 0, such extensions have presentations of the form

Q(baﬂlf" 761)) :<‘%17"' 7‘%97@17"' 7@971:[)17"' 71I)p72 | z Centra’L
P g
w7 =z Ty [, 5] = 2,
=1 =1

and conversely, for any group with a presentation as above, the generator Z has
infinite order, so that the group is a central extension of Z by (. Moreover, the
(p+1)-tuples (b, B1, - - - , Bp) can take any integer values. Especially Q(0,0,---,0) =
7 x Q, and it represents the 0 element of H?(Q;Z).

We shall compare a general extension @(b7 b1, -, Bp) with @(07 0,---,0). Sup-
pose there exists an isomorphism @(b, B, ,0p) — @(0, 0,---,0) which induces
the identity on the kernel Z and on the quotient @ (i.e., these two groups are
congruent). Then it must be of the form:

T — 27T,
gi — 25,
’lﬁj = 2Cfu7j,
Z—Z,
for some integers s;, t;, and ¢; (i =1,2,---,9, j=1,2,---,p). Applying the iso-
morphism to the relations @}’ = 2= and [T_, @; [T, [%:, 5:] = 2°, we get ajc; =

—B;j for j=1,2,--- ,p and Z?:lcj = b. Thus, Q(b, 1, - - ,Bp) = Q(0,0,---,0) if

and only if there exist integers c1,ca, - - - , ¢, satisfying
p
ajc;=—03; (j=1,2,---,p) and ch:b.
j=1
With ¢ =0,---,¢j = =1,---,¢, =0, for j = 1,---,p, we get the solution
vectors for [b, 81, B2, B3, , Bp)T (T denotes the transpose), in the columns of the
(p+1) x p matrix
(-1 -1 -1 -1 - —1]
oz 0 0 0 - 0
0 az O O - O
A=]0 0 a3 0 - O
0 0 0 oy 0
(0 0 0 0 - o]

The columns of this matrix A generate the extensions which are equivalent to

Q(0,0,---,0). Consequently, one can view A as a module homomorphism ZP —
ZPT!) and then H%(Q;Z) can be identified with Coker(A) = ZPT1 /Im(A).
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In order to find out how the row operations change

b = {b, 51,02, B3, - aﬂp}Ta

we augment the matrix A by the column matrix b, and get a (p +1) x (p + 1)
matrix [A|b]. This is not necessary for calculating H?(Q;Z), but will be used to
prove j, [@] = L-e(@). We use elementary row and column operations to diagonalize
this matrix [A|b], but avoid any column operation on the last column.

Killing off the (2, 1)-entry using the first row, and changing the sign of the first

two rows, we can change the augmented matrix as follows:

1 1 1 1 1 —b
0 o1 a1 oy ai| —(aib+ )
0 (65 0 0 0 62
[A|b] — A/ =10 0 Qs 0 0 63
00 0 a; - 0 8,
00 0 0 - a B

Using elementary column operations, we can Kkill off the 1’s on the first row. Also
noting that a1b + 1 = a1 (b + %), we get

1 0 0 O 0 *
0 ap a1 o oy | —ag(b+ %)
0 ag 0 O 0 Ba
A”=10 0 a3 O 0 B3
0 0 0 a4 0 Ba
|00 0 0 ap By ]
Consider the second and third rows of this new matrix with the first column re-
moved:
o] o o1 - - Qq —al(b—i— %)
a 0 O - - 0 B ’

Lemma. Applying the Euclidean algorithm to the (1,1) and (2,1) entries, and
corresponding elementary row operations, we can change this matriz to

{(al, as) S0 S0

[, o]

S0 S0y

0 [, o] (o1, )

*
—[al,ag](b—i— % + %):| ’
where (a,b) = ged(a, b), [a,b] = lem(a,b) and s € Z.

Proof. Let (a1, a0) = d, oy = day, ag = daz. Then [a1,as] = ajas = ajas. Let
s,t be integers such that say + tas = d. Then

s t a o oo - oo
as —aip (65) 0 0 o 0

gives the matrix in the statement. Since

S t
a2 —ai

has determinant —1, it is a product of elementary integral matrices. This finishes
the proof of the lemma.

— (b + %)]
fa
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Now, replace the second and third row of A” by the above. The entries sa; are
divisible by (aq,as). Therefore, the entries right to (a1, as) of the unaugmented
part can be killed off by elementary column operations. Thus, we get

1 0 0 0 . 0

0 (al,ag) 0 0 . 0

0 0 [al,ag] [Oél,ag] . [al,OCQ] —[al,az](b—F % + g—z)
0 0 s o - 0 Bs

0 0 0 a0 B4
0 0 0 0 - B, |

We can apply the lemma to the fourth and fifth rows. Note also that
[[ala e ,Oéj_l], aj] = [ala e 7aj—l7 aj]7

and continue this process.

Consequently, there exist matrices X,Y € GL(p + 1,Z), with the last column
of Y being [0,0,---,0,1]7 since we never used any column operation on the last
column, such that

(1 0 0 0 0 | ]
0 d¢ 0 O 0 | *
0 0 do O 0 | *
X7'ABlY =0 0 0 ds 0 |*|,
0O 0 0 O dp—1| *
10 0 0 0 |B]
where
([1],&1)21,
([O{l],OCQ) = d17
(o1, 2], a3) = da,
([on, a2, a3, o) = ds,
([O‘h 7ap—1]7ap)_ p—1,
“loa a0+ D7) = B

We have proved that
H*(Q;Z) = Zg, ® Zay @ -+ La,_, L.
The homomorphism
Juot H*(Q:Z) — H*(Q;R)

induced by the inclusion homomorphism j : Z — R is just ®R. More precisely,
the homomorphism A : ZP — ZP*! extends uniquely to A : R” — RP*!. Then
H?(Q;R) = Coker(A). Thus,

je: HA(Q: Z) = 2! /Im(A) 25 RV Im(4) = H2(Q; R).
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The procedure of diagonalizing the matrix [A|b] shows that the column matrix
b= {b,51, 82,83, ,0p}" changes to {x,*,%,---,x B}T. Thus, under

7P 74,074, DZg,_,D L,
b— (x, # - x, B)

7« 1s just picking out the last entry B. Consequently,

j*(Q(b,ﬁl,- .. ,ﬁp)) = B = —[ah. .. 7ap_17ap](b+2%)
j=1 "

=L-e(Q(,01, - ,5p))

where L = [a1, a2, -+ , ap, since e(@(b, Bi,---,0p)=—(b+ Z§:1 g—j)

To prove H?;ll dj = % aq---qp, where L = [a1, @2, -, qp], we use the fact
-y = (z,y) - [z, y] repeatedly. From the definitions of integers di,da, - - - ,dp—1, we
get

[1]-on =1"[aa],
[a1] - s = di - [o, 2],
(a1, 2] - a3 = da - [, 2, @3],
[a1, ag, 3] - aq = d3 - [0, a2, a3, a4,
lar, -+ sapi] ap =dp1 - [on, - 0y
By multiplying each side, we get
al.az...ap:dl.dz...dp_l.[al’az,... 7ap].

Thus, we have shown that the order of the torsion of H?(Q;Z) is
ai--ap/lem(ar, -+, ap).

Observe that e : Q »—>~e(@) also defines a homomorphism e : H?(Q;Z) — R =
H?(Q;R), and |e~!(e(Q))| = d1 - - - dp—1 only depends upon Q. O

Remark. We may obtain a calculation for all the cohomology H*(Q;Z) by more
geometric means, but with a little less precision at H?(Q;Z), as follows. We may
construct K(Q,1) by taking W = R? or H? and letting Q act isometrically. On
Q\W, remove the interior of a 2-disk D; about each of the elliptic points x;. Re-
place each D; by attaching K(Z,,1) by a homeomorphism of the 1-skeleton. (We
think of K(Z,,,1) as an infinite dimensional lens space obtained from the quo-
tient of the infinite sphere S = |J;2, S* by a free action of Z,,.) Call this
complex B. Passing to the universal covering of B, we get R? or H? with an
infinite number of open disks replaced by the contractible S°°’s. The universal
covering B is contractible, and @ acts freely as covering transformations yielding
Q\B = B = K(Q,1). Now, if we remove an open 2—disk from B whose closure
is disjoint from the attached K(Z,,1)’s, we get a complex B’, which deformation
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retracts to a wedge (\/!_, K(Za,;,1)) V (\/?i1 Sj_1). Then

Z, J=0,
. 729 =1
H) (B Z) = ’ T
0, jodd, ;g >1,

Zal @"'@Zapa jeven,j > 0

Moreover, H(B, B';Z) = 0, j # 2, since the difference is an open 2—cell. Then the
cohomology exact sequence of the pair (B, B') yields

HY(B;Z) = HY(B'; Z), for j #2,
and for dimension 2, we have the exact sequence
0—Z— H*(B;Z) — Loy, ® -+ ® Za, — 0.

This is immediate if ¢ = 0; a more careful analysis is needed using the cell structure
of B if g > 0. In particular, H3(Q;Z) = H3(B;Z) = 0. This fact will be used
in 4.6. Notice this also yields the ring structure of H*(Q;Z) , since we know it
for H*(B';7Z). To evaluate a U b, with a € H*(Q;Z) and b € H’(Q;Z), assume
that a hits a generator of Z,, for each i under the homomorphism H?(B;Z) —
Loy +- -+ L, (Such an a always exists.) Then b — aUb induces an isomorphism
HI(B;Z) — H*2(B;Z), j > 2.

For a different and more general approach the reader is referred to the cohomol-
ogy long exact sequence in [2, p.262].

Definition. Let @ be a central extension of Z,, by @, x(Q) < 0, with presentation

@ = <.’L']_, Ty Y1yt 5 Ygy, Wy, Wy R |Z Central? 2" = 1wjaj = Z_Bj7
P g
H wj H[xz,yz] =2b).
j=1 =1
An integer £(Q) between 0 and n — 1 is defined by :
~ " 3.
S(Q) = _[a17a27' e 7ap] (b+ Z—j> mod n.
=1 %

4.6. Corollary. Let Q be a group with presentation (Q) and x(Q) < 0; and let @

~

be a central extension of Zn by Q with presentation (Q).

1. Let Q' be any central extension of Z by Q whose mod n reduction is @ Then

L-e(Q) = &(Q) modn.
2. There is a natural injective homomorphism Q — S' x Q extending Z, — S!

~

if and only if £(Q) = 0.

Proof. (1) Observe that there are many Q' € H?(Q;Z) which naturally map down
to Q. We use the result in Lemma 3.4. By the Remark after 4.5, H3(Q;Z) = 0.
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The commutative diagram with exact rows in the proof of 3.4 becomes

H2(Q;nZ) L HXQ:Z) L HXQ:A) — 0

HQnz) L HQR) L HYQS0(2) — 0

The exactness implies that there always exists an extension Q' € H?(Q;Z) of Z
by @ such that p[Q'] = [@] (11/1\ fact, an obvious one is just deleting the relation
z"™ =1 from the presentation of @)). Therefore, Condition (C1) in 3.6 automatically
holds. For Q, 5(@) was defined by L - e(Q’) mod n = j,[Q'] mod n by Theorem
4.5, where Q' € H?(Q;Z) is such that p[Q’] = Q. To show that Jx[Q'] mod n
is independent of the choice of @', let @}, Q% be elements of H?(Q;Z) such that
plQ}] = Q for i = 1,2. By diagram chasing, j.[Q}] — 7.[Qb] lies in the image of
j'. But Im(j5') = n - Im(j.) = nZ because j. = 1 ® R. (This can be seen also
from Lemma 4.2. Tt implies that there exists an element [Q”] € H?(Q;Z) so that
J«[Q"] = L-e(Q") = 1.) Therefore, j.[Q}] = j«[Q%5] mod n. This proves (1).

o~

(2) There is a natural injective homomorphism @Q — S! x Q extending Z,, — S*

if and only if 7,[Q] = 0 € H%(Q;SO(2)). Now, for 7,[Q] = 0, it is necessary and

sufficient that j.[Q] lies in the image of H?(Q;nZ) so that j.[Q] = 0 mod n, which
is equivalent to saying that £(Q) = 0. This proves the corollary. O

Combining 3.6 and 4.6, we get a complete statement of conditions for embed-
dability of an extension of a spherical space-form group A by a cocompact orbifold
group @ C Isomg(W) for W = R? or H?. Let

P g
Q = <Tl7" . 7597517" : 7yg7m17" . 7mp | Ejozj = 17 Hm] H[Tmyz] = 1>
j=1 =1

be a discrete subgroup of Isomg(W) for W = R2, or H2. Then Condition (C1)

in 3.6 is automatic (see the proof of 4.6), and (C2) can be expressed in terms of

E(Q"). We restate these two conditions for extensions of a cyclic group or binary

polyhedral group by @ :

For an extension @)’ of a non-cyclic binary polyhedral group B* by Q,

Condition (B) :

1. If B* = D}, @’ is either a product D} x Q, a diagonal subgroup of Djs X @
of index 2, a diagonal subgroup of T* x @ of index 3, or a diagonal subgroup
of O* x () of index 6.

2. It B* = D}, (k>2) or T*, then Q' is either B* x @Q or a diagonal subgroup
of D§, x @ or O* x Q of index 2, respectively.

3. If B* = O* or I*, then Q' = B* x Q.

For an extension @’ of a cyclic group Z, by Q,

Conditions (C1) and (C2).

(C1) There exists a crossed homomorphism i : Q' — M(W, S3 xz, Z4) extending
Zy, — SO(2). If n > 2, then this reduces to: there exists a crossed homomor-
phism 7 : Q" — M(W,SO(2) Xz, Z4) extending Z,, — SO(2). If A is central
and n > 2, there is no condition.
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(C2) There exists a homomorphism @' — S3 extending Z, — SO(2) C S3. If
n > 2, then this reduces to: there exists a homomorphism Q' — SO(2) Xz, Z4
extending Z,, — SO(2). If Z,, is central and n > 2, then this is equivalent to

£(Q') =0.

4.7. Theorem. Leti =iy x i, : A — £(G)xr(G) be a spherical space-form group;
let Q C Isomg(W), where W = R? or H?, be a group with presentation (Q) with
x(Q) <0; andlet 1 = A — II — Q — 1 be exact. Then there exists an injective
homomorphism 0 : II — £(G) x [M(W, G) x Isom(W)] which makes the diagram
(15) in 3.6 commutative if and only if II satisfies the following:

1. If Ay is cyclic and A, is not cyclic : I/ K, satisfies (C2), and I/ K, satisfies

(B).

2. If A, is cyclic and Ay is not cyclic : I/ K, satisfies (B), and I/ K, satisfies
(C1).

3. If A, and Ay are both cyclic : I/ Ky satisfies (C2), and II/K, satisfies
(C1).

In 2, if, furthermore, I1/ K, satisfies (C2), then II embeds into Isomy(G x W).

Remark. (1) Since cocompact and discrete @ in TOP(W) can be conjugated into
Isom(W), we obtain the same result as above if we replace Isom(W) with TOP(W).

(2) Tt is possible, for x(Q) < 0, to determine when 1 — Z, — Q — Q — 1
acts freely on G x W when Z,, embeds in r(G). From the way we have defined
our action on S! x W, we see that it actually was Q acting on R'/nZ x W. But
this is the same as the action of Q on R x W. Therefore, as a space @\(S1 x W),
we see it as Q\(R! x W) = Q\(R!/nZ x W), which projects to Q\W. For the
action (Q,R!/nZ x W) to be free, it is necessary and sufficient that the action of
(Q,RxW) be free, because the action of nZ C Q on R! x W is already free. The
necessary and sufficient condition that (Q, R!x W) be free is that ged(ey, B5) =1
for all j. (This is also equivalent to saying that @ as a group is torsion free.)

We shall give a few instructive examples of embedding [T into u.

4.8. Example. Consider a group II with presentation
II = (z,y,2 | z central, z'?=1,[z,y] = 2°).

Then II is a central extension of A = Zjo by Z2. Suppose Z?> = (x,y) acts
on R? via the standard translations p(x) = t1, p(y) = t2. We shall study the
embeddability of IT into u , which acts freely on G, for all possible representations
i =g X i, : A =Zia CLG) x r(G) If I embeds, it will act on G x R? properly
and freely.

Consider all possible embeddings of Zj2 into £(G) x r(G), which acts freely on
G. Let z be a fixed generator of Z12. In 3.2(1), integers r coprime to n = 12 are
1,5,7,11. Let us denote ’R( 5) by w. For example, for r = 5, we get e

3

3
5 = 15 and

-t — 22 Therefore, z — (w ,w™2) € /(Q) x r(G). The following are all possible

embeddings of Zio into £(G) x r(G) so that Zio acts freely on G. We write the




SEIFERT MANIFOLDS WITH FIBER SPHERICAL SPACE FORMS 3791

image of the generator z — (ws,wsl) :

r=1 — (wh,w?),

r= 5: — (w3, w™?),
r= T7: — (w*,w™3),
r=11: z»—>(w6,w 5).

The other representations come from conjugations by elements of SO(4) or mul-
tiplying by (w® w%) = (=1, —1). In fact, among these 4 cases, two pairs (r = 1 and
r=11) and (r = 5 and r = 7) give conjugate representations in O(4). However,
for the purpose of the Seifert construction, we need to treat them differently. We
apply Theorem 4.7, case 3.

Since Ay is cyclic and central in IT/ K, the condition (C2) requires that £(II/Ky)
= 0. For s = 1,3,4, and 6, Ay = Z12,Z4,Z3 and Zs. Then E(II/K;) = 8 mod
12,4,3,2. Only two cases s = 3 and 6 yield £(II/K,;) = 0. (This follows also
from 4.4.) Corresponding to these, we have s’ = —2,—5. Since (C2) is the only
requirement, there exists a Seifert construction for each of these two cases (s = 3, 6).
For the other two cases (s = 1,4), there are no Seifert constructions.

We proceed to obtain explicit embeddings of IT into U as follows. We work out
the case when i =iy x i, : A C £(G) x 7(G) is given by z — (W, w™2). It is clear,
from z — (w3, w™2) € £(G) x r(G), that

Kg~zg_< Y, K, 272 = (25,
274 = (W), A =Zg=(w?).
Also note that
/Ky = (z,y,Z | Z central, 28 = 1,[x,y] = 1)  (extension of Z, by Z?),
II/K, = (x,y,Z | Z central, 2° = 1,[z,y] = Z°) (extension of Zg by Z?),

since 8 = 0 mod 4 and 8 = 2 mod 6.

First, we define a homomorphism IT — IT/K; — ¢(G) by z — w®, & +— 1 and
y — 1. This is possible because the condition (C2) is met. In fact, II/K, =
[)Z4 = Zy x Z2 by 4.4.

Next, we shall find an explicit homomorphism I — II/K, — M(R? S1) x
TOP(R?) so that A is mapped via z — (w*®,1) € M(R2, S') x TOP(R?). We work
with

1 —7Z¢ - /K, - 7% — 1.
A homomorphism
0: 11 — IT/K, — M(R?, S') x TOP(R?)

sending Z to w2 can be defined by a crossed homomorphism A : IT/K, —M(R?, S1).
In fact,

Mz)(wi,we) =1, Ay)(wi,ws) =™, and \Z)(wi,ws) = w2

gives rise to such a crossed homomorphism. By identifying S! to a subgroup of G,
we obtain a representation IT — IT/K, — M(R?,G) x TOP(R?). In fact, setting
up

€T (Ltl)a Y= ()‘(y)atQ)v z = (w_21 1)
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(so that A(z) = 1 and A(2) = w™?), one can get A\(y)(wi,wz) = wi*t from the
relation 0([z,y]) = 0(z?).
Finally, combine these two maps to get IT — £(G) x M(R?, G) x TOP(R?):

= (L 17t1)a y— (11 >\7t2)7 z = (wS,w—27 1)

The action of IT on GxR? defined by this representation can be given explicitly as

follows. Recall that w = R(35) and (a, A, @) - (v,w) = (a- v - Mow) ™!, aw) :

x(v, wy, wa) = (v, wy +1, wa),
(U w17w2> ( 4wy , Wi, w2 + 1)7
2(v, wy, we) = (Wivw? wi, wa)

for (v,wy,wz) € G x R2. Consequently, IT\(G x R?) is a Seifert manifold modeled
on G x R? with base a Riemannian flat torus R?/Z2.

From the presentation of the group I1/K,, we see that E(II/K,) =1-(-2) #0
mod 6, so that the condition (C2) is not satisfied. Therefore, the group II cannot
be embedded into Isom(G x R?) = SO(4) x F(2), and it cannot act as isometries
on the product G x R2.

The Seifert fibering is actually a fiber bundle over the 2—torus with fiber the
lens space L(12,5). So, no fiber is typical in this case. Since IT is not a product
Z1> x @, the bundle is non-trivial. Moreover, the bundle contains an S'-bundle
over the same torus with euler class —8. This is apparent from the diagram below,
which describes the construction. In the diagram, Nil denotes the 3-dimensional
Heisenberg group diffeomorphic (but not isometric) to R x R? and S! denotes
R/127Z.

R!'xR? ——— Nil

| |

S3xR2 =~  S'xR2 —— Nil/12Z

In o I

IT\(S3 x R?) —=— IT\(S! x R?) ——— [I\Nil

One needs to check only that the subset S' x R? of S3 x R? is invariant under the
action of IT. Furthermore, in the description of the action above, if v € S? lies in

S1, the element z € IT acts as z(v, w1, wz) = (vw®, w1, ws), because wivw? = vw®

on S

The case of 7 = 11, so that z — (w% w™?), has more variations than the case
we discussed above. This is because IT/ K, = Zy x Z?. According to Theorem 4.7,
we need to find a homomorphism IT/K, — S3. Choose any homomorphism v :
7Z? — S3. This together with the inclusion Zs < S gives rise to a homomorphism
II/Ky = Zy x Z* — S3. For II/K,., the situation is the same as before.

An action of IT on G xR? with trivial v can be given explicitly as follows:

x(v, wy, wa) = (v, wy + 1, ws),
y(v7w17w2) = (Uw8w17 wy, wo + 1)7

z2(v, wi,wp) = (WGUW5, wy, wy)



SEIFERT MANIFOLDS WITH FIBER SPHERICAL SPACE FORMS 3793

for (v, w1, wz) € G x R2. Consequently, IT\(G x R?) is a Seifert manifold modeled
on G x R? with base a Riemannian flat torus R?/Z2. Again, the Seifert fibering is
an actual bundle over the torus, with fiber the lens space L(12,11). This bundle
is non-trivial since IT is not a product. The bundle also contains an S'-bundle
over the same torus with euler class —8. Also, it is not possible to embed IT into
Isom(S® x W) since condition (C2) is not satisfied for IT/K,..

4.9. Example. Let @ be a group with presentation

~

m a; —B;
Q:<xl7"' yLgs Y1, 5 Yg, Wiy - 7wp7Z|Z Centra’L z :1,’11)] =z ﬁja
P g
b
[T wi [Tl wid = 2")
7=1 =1

with (m,6) = 1, and IT = T* X @ Then A = T* X Z,, is a spherical space-form
group, and @ = IT/A has a presentation (Q).

With A — ¢(G) x r(G) such that T* C ¢(G) and Z,, C r(G), the condition (B)
for IT/K, = T* x @ is satisfied, so that there exists IT — u yielding a Seifert fiber
space IT\ (G x W) with typical fiber T*\$3. If, furthermore, £(Q) = 0, then IT can
be embed into Isom(G x W).

On the other hand, with A — ¢(G) x r(G) such that Z,, C ¢(G) and T* C r(G),
in order for IT to be embedded into Isom(G x W), it is necessary and sufficient that
the condition (C2) for IT/K, = Q, which is £(Q) = 0, is satisfied.

5. DEFORMATION OF SEIFERT STRUCTURES

Consider a commutative diagram of group homomorphisms with exact rows:

1-A—->I1IT—-Q—1

(5.0.1) l le l”
1—-A—-U—-T —1

where ¢ is injective. With the homomorphisms ¢ and p fixed, how many 6’s are
there, keeping the diagram commutative? In the following, we identify a € A with
i(a) € A, for brevity. We fix such a homomorphism 6y once and for all and use the

action of IT on U gotten from I7 Loy L Aut(U). Therefore, for o € II,
U = 0p(a) - u-p(a)?

for any u € U.
Let 6 : II — U be such a homomorphism fitting the diagram. This 6 will be
expressed via the fixed 6. Then # must be of the form

0(r) = A(@)bo()
for some map A : II — 2. It is easy to verify that \ satisfies

(5.0.2) AapB) = Ma) - fo(a)A(5)bo ()~
= Aa) - AB).
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Since f|a =i = 6p|a, we have A(a) =1 for all @ € A. For any @ € A and « € II,
Aaa) = Ma). Moreover,
Ma) = Ma - (ataa)) = Maa) = Xa) - 0g(a)Ma)fo(a) !
=1-i(a)Ma)i(a)™t = i(a)A(a)i(a)"t.
This shows A has values in the centralizer Cy(A), which depends only upon the

image of o in Q. Furthermore, (5.0.2) shows that 6y(a)A(8)00(a)™t € Cy(A).
Therefore,

(5.0.3) Bo(c)A(B)o(@)™" = i(a)fo(a)A(B)8o(@) " i(a)~* = Bo(aa)A(B)60(ac) .
Let € be the subgroup of U defined as:
¢ ={celU: u(c) induces the identity on i(A) and p(Q)}.
Then
1—Cu(d) = C—Cr(p(Q) — 1

is exact.
Let ¢ € € and pu(c™1)(fo(a)) = Ma)fo(a). Then p(a)cho(a)~! = cA(a). Since
i(a) commutes with ¢, i(a) commutes with c\(«). Using (5.0.3), we get

Oo()cho ()™t = eA(a) = i(a)eA(a)i(a) ™!

=i(a)fp(a)chy(a) ti(a) ™t = Op(aa)cly(ac) ™.
By (5.0.3) and (5.0.4), the actions of IT induced by o6y on € and on Cy(A) factor
through Q. With these homomorphisms @ — Aut(€) and @ — Aut(Cy(A)),

we may consider Z1(Q;Cy(A)) and B(Q;€). The equality (5.0.2) shows that
A € Z1(Q; Cy(A)). Therefore,

(5.0.4)

Lemma 5.1. Z1(Q; Cy(A)) represents the set of all homomorphisms 0’s fitting
the commutative diagram (5.0.1). In fact, A —— 6 = X\ -0y gives the one—one
correspondence

ZHQ; Cu(A)) {A: Q = Cu(BA)[M(af) = Aa) - “A(B)}

{60 : IT — U inducing i and p on A and on Q}. O

T

The group € acts on Z1(Q; Cy(A)) as follows: Let ¢ € €, A € Z1(Q; Cy(A)).

Then €\ is given by
(“N(a)=c-ANa)- %€t
=c-AMa)-0p(a) -t Opla)™t.

It is easy to see that (°)\)(a) € Cy(A), and ©\ satisfies the cocycle condition. Then
the subgroup Cy(A)) C € acts on Z1(Q; Oy (A) as well.

After the abelian case, we denote the orbit spaces of these actions by
Z'(Q; Ca(A)) and Z'(Q; Ca(AQ))
BYH(Q; Cu(A)) BYQ; )

Lemma 5.2. 01 = A1 -0y and 02 = A2 - 0y are conjugate by an element of A if and
only if A1 and A2 belong to the same orbit of the Cy(A)—action.

HY(Q: Cu(d)) =



SEIFERT MANIFOLDS WITH FIBER SPHERICAL SPACE FORMS 3795

Proof. Suppose there exists a € 2 so that
02(r) = aby(a)a™?

for all @ € II. Since 61 = 0y = 02 on A, p(a) induces the identity on i(A), and
hence, a must be in Cy(A). Then A2(a)fp(a) = aXi(a)fp(a)a™! yields

o) =a-A(a)- @t

Thus, A; and A2 belong to the same orbit of the Cy(A)-action. Conversely, the
above equality easily implies 02(a) = af1(a)a=". O

Lemma 5.3. 61 = A1 -6y and 02 = )2 - 0y are conjugate by an element of U if and
only if A1 and Ao belong to the same orbit of the €—action.

Proof. Suppose there exists ¢ € U so that
02() = cby(a)c!

for all @ € II. Since 6, 65 induce i on A, and p on @, ¢ must be in €. Also,
Aabo(a) = ed1bp(a)c™! yields

Ao(a) =c-Mi(a)- %€t

Thus, A\; and Ay belong to the same orbit of the €-action. Conversely, the above
equality easily implies f2(a) = cf1(a)c 1. |

Theorem 5.4. The set of all homomorphisms 0 fitting the commutative (5.0.1)
diagram with the fized i and p are classified as follows:

Z'(QiCa(d) =,

A AN

{0 : IT — Uinducing i and p on A and on Q}

up to conjugation by elements of A
ZYHQ; Cy(A ~
M «—— {0:1II - Uinducing i and p on A and on Q}
BY@;©)

up to conjugation by elements of U. O

Conjugation of fy by any element u of U gives rise to a new embedding 6 : II — U
which maps A necessarily into M(W, G) xInn(G), since M(W, G) xInn(G) is normal
in Y. Then this induces a Seifert automorphism between the Seifert fiber spaces
Oo(IID\(G x W) and O(II)\(G x W). If u € €, then the Seifert automorphism
is called a strict Seifert automorphism. When u € M(W,G) x Inn(G), the Seifert
automorphism is a strict Seifert automorphism moving only along the fibers. There-
fore, H'(Q; Cy(A)) classifies all strict Seifert automorphism moving only along the
fibers, while % classifies all strict Seifert automorphism. General Seifert
automorphisms come from the quotient space of the discrete faithful representations
of IT into U by the conjugations from elements of U.

For our application with 2 = ¢(G) x M(W,G), we have Cyyxmw,a) (D) =
Cuey(Ar) x M(W,Cg(A))). Therefore,

HY(Q; Cu(A)) = HY(Q: Coe) (Ar)) @ HH(Q; M(W, Ca(A))).
Note that when @ — Aut(Cyq)(Ar)) is trivial,

HY(Q; Cyc)(Ar)) = Hom(Q; Cyiay (Ar)).
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Example 5.5. We continue with Example 4.8. For the first case with z —
(w*,w™?), we have Ay = Z4 and A, = Zg, so that Cyg)(Ar) = SO(2) and
M(W, Ca(A,)) = M(W,80(2)). Clearly, H'(Q:S0(2)) = Hom(Q,S0(2)) = §' x
St =T72. To calculate H(Q; M(W,Cg(A,))), consider the short exact sequence of
@Q-modules 1 — Z — R — SO(2) — 1. It yields an exact sequence
HY(Q;M(W,R)) — H'(Q; M(W,SO(2))) — H*(Q;Z) — H*(Q; M(W,R)).

Since H(Q; M(W,R)) = 0 for i > 0 [2], we get H1(Q; M(W,S0O(2))) = H*(Q;Z) =
Z. A cocycle )\, corresponding to p € Z = H'(Q; M(W,SO(2))) can be described
as

Ap(t1) (wr, wa) = e 2THPW2 1\ (L) (wy, we) = 1.
Then 6), € H*(Q;Z) is given by 6, (t1,t2) = 0 and 6\, (t2,t1) = 2P. Consequently,
H'Y(Q; Cocyxmmw,c)(A)) = T? x Z.
With U = ¢(G) x [M(W, G) x Isom(W)], conjugation by elements of U does not
contribute anything new. In other words,
Z1(Q; Cu(A))/BH(Q; Cu(A)) = Z1(Q: Cu(A)) /B (Q; ©).

The centralizer of @ in Isom(R?) is the pure translations R2. For t, = (b1,b2) €
R2, u(ty) can be achieved by u(n), where n € BY(Q; M(W,S0O(2))) is defined by
n(wi,wz) = w. Thus,

Z1Q:Cu(d)) o Z21(Q;Cu(A))
HY(Q; Cy(A : = : .

@AE) =50 am) T By
Corresponding to ((a,b),p) € T? x Z = H*(Q; Cyic)sxm(w,c)(A)), the action of IT
on GxR? is given by:

(v, wy, we) = (ave%i'pwz, wr + 1, we),

y(U,U)]_,UIQ) = (bvw_4w17 wi, wo + 1)7

z2(v, wy,wy) = (WSUW2, w1, wa)

for (v, w1, ws2) € G x R2.

In the second case with z — (w® w™), we have Ay = Zoy = Z(S3) and A, = Z2,
so that Cycy(Ag) = 5 and M(W,Cq(A,)) = M(W,S0(2)). Now, H(Q;S%) =
Hom(Q, S3). Therefore,

HY(Q: Cyeyxmw,)(A)) = Hom(Q, S°) x Z.

Similarly to the previous case, with U = £(G) x [M(W, G) x Isom(W)], conjuga-
tion by elements of & does not contribute anything new. The centralizer of @ in
Isom(R?) is the pure translations R2. For b = (by,b2) € R?, pu(ty) can be achieved
by u(n), where n(wy, wa) = w=* € BY(Q; M(W,SO(2))).

Corresponding to ((a,b),p) € Hom(Z?, 5%) x Z = H'(Q; Cyc)xmw,c)(A)), the
action of IT on G'xR? is given by:

z(v,wy,wy) = (awe®™ P2 w41, ws),
y(v, wy,wy) = (buw®™1, w, wy + 1),
z(v, w1, w2) = (ngwz, wy, ws)

for (v,wy,wy) € G x R2.
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We claim that, in both cases, the Seifert fiber spaces coming from the representa-
tions corresponding to H(Q; Cy(c)(A)) = T? or Hom(Z?, 5?) are h—cobordant to
Oo(IT)\(S® x R?). With Q = Z2, Hom(Q, S®) can be calculated as follows: Let t1,to
be two generators of Z?. Map t1 — A(t1) € S® anywhere. Suppose \(t1) ¢ Z(S?).
That is, the order of A(¢1) is greater than 2. Then A(¢2) must be in the centralizer
of A(t1), which is the unique circle subgroup containing A(t1). If A(t1) € Z(S3),
then A(t2) may be arbitrary. Thus, Hom(Q, S?) is an SO(2)-bundle over S* whose
fibers at the two points in Z(S3) are replaced by S3. What is important is the fact
that Hom(Q,SO(2)) and Hom(Q, S?) are path-connected. Since H'(Q; Cy)(A))
is path-connected, one can find a 1-parameter family of homomorphisms v; : Z2 —
Cueyxmw,a)(A) starting at v = 1 and ending at a new »/. This 1-parameter fam-
ily of homomorphisms v, 0 < t < 1, gives rise to a 1-parameter family of Seifert
fiber spaces 0,(I1)\(S® x R?) Consequently, the two spaces 0o(I1)\(S® x R?) and
01 (IT)\(S® x R?) are smoothly h—cobordant. We don’t know if the same holds for
representations corresponding to H'(Q; M(W,SO(2))) = Z.

Remark 5.6. We have exhibited different embeddings of IT in U for forr =5and 11.
Moreover, as actions on S3 x R?, these groups are not conjugate in U. (Because the
typical fibers of the resulting Seifert 5-manifolds would have to be homeomorphic
since ¢(G) is normalized by U. The typical fibers are L(2,1) and S3, respectively).
As lens space bundles over the torus, the fibers of the 5—manifolds are obviously
different. It is not clear to us whether or not these spaces are of the same homotopy

types.
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